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CHARACTERIZATION OF ULTRADIFFERENTIABLE TEST FUNCTIONS 
DEFINED BY WEIGHT MATRICES IN TERMS OF THEIR FOURIER 

TRANSFORM 

GERHARD SCHINDL 


Abstract. We prove that functions with compact support in non-quasianalytic classes £{m} 
of Roumieu-type and £(m) of Beurling-type defined by a weight matrix A4 with some mild 
regularity conditions can be characterized by the decay properties of their Fourier transform. 
For this we introduce the abstract technique of constructing from A4 multi-index matrices and 
associated function spaces. We study the behaviour of this construction in detail and characterize 
its stability. Moreover non-quasianalyticity of the classes £{m} an( l £(M) i s characterized. 


1. Introduction 

Spaces of ultradifferentiable functions are sub-classes of smooth functions with certain growth con¬ 
ditions on all their derivatives. In the literature two different approaches are considered to introduce 
these classes, either using a weight sequence M = (Mk)k or using a weight function u. Given a 
compact set K the classes 

respectively , x e *, k e N J 

should be bounded, where the positive real number h or l is subject to either a universal or an 
existential quantifier and </j* denotes the Young-conjugate of ip u = u> o exp. In the case of a 
universal quantifier we call the class of Beurling type , denoted by £^m) or £( w )- In the case of an 
existential quantifier we call the class of Roumieu type , denoted by £{m} or £{ui}- In the following 
we write £[*] if either or £(*) is considered. 

The classes £\m] were considered earlier than £Yi. For the weight sequence approach see e.g. [7] 
and [B], for £i u i we refer to [2j. In [1] both methods were compared and it was shown that in 
general a class £[m] cannot be obtained by a weight function uj and vice versa. At the beginning, 
ultradifferentiable classes were studied using the growth of the derivatives and later with the Fourier 
transform. Finally, Braun, Meise and Taylor in [2] have unified both theories. For a detailed survey 
we refer to the introductions in [2] and |T|. 

In [5] we have considered classes £[m\ defined by (one-parameter) weight matrices M := {M x : x £ 
A}. The spaces £[m\ and £^ were identified as particular cases of £\m\ but one is able to describe 
more classes, e.g. the class defined by the Gevrey-matrix Q := {(p! s+1 ) P eN : s > 0}, see pH 5.19]. 
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Using this new method one is able to transfer results from one setting into the other one and to 
prove results for £r M i and £[ w j simultaneously, e.g. see [9] and [10] . 

The main aim of this work is to show that assuming some mild properties for M. the functions 
with compact support 2?[»] Q £[m\ can be characterized in terms of the decay properties of their 
Fourier transform. 

First, we generalize in Section [3] a central new idea in [9]. We have shown that to each w we can 
associate a weight matrix D := {(U^)j> 0 : l > 0}, defined by fil := exp(l /l^p* u {lj)), such that 
£[ u i = £[□] holds as locally convex vector spaces. 

In this work we start with an abstractly given weight matrix A4 = {M x : x £ A} satisfying some 
standard assumptions. To M we associate another matrix uij^ := {%• : x £ A} consisting of 
associated functions u>m x ■ Applying again the idea of [9] we obtain a matrix {M X]l : x £ A, l > 0} 
and iterating this procedure we get a sequence of multi-index weight matrices consisting of weight 
sequences and weight functions. In Section [3] this technique is studied in detail. 

First, in !3.3l we will characterize the case where all multi-index weight matrices of weight sequences 
are equivalent. Thus £[m\ is stable as locally convex vector space under adjoining indices, see 
Theorem [331 It will turn out that only in the first step a non-stable effect can occur, see Corollary 

m 

The spaces associated to the matrices of weight functions in this construction are always stable. 
Using results from 1 3.1 01 and Theorem [33] we can prove the first main result Theorem [331 As locally 
convex vector spaces the equality £[m] = i s valid. 

In the next step, in Section 3] we characterize the non-quasianalyticity of £[m]> see Theorem 14. II 
Thus the cases where the spaces "D\m\ are non-trivial are classified. The Roumieu case is quite clear 
and for the Beurling case we generalize m Lemma 5.1], where stronger conditions for the matrix 
M were assumed. 

In Section [5] we combine Theorem 13.21 and Theorem 14.11 Using and generalizing the methods and 
estimates introduced in [2] we are able to characterize functions in ~D[m\ in terms of the decay 
properties of their Fourier transform, see Theorem 15. II As special case this holds for the Gevrey- 
matrix Q. 

Finally, in Section[Gl we apply the technique of associating a weight matrix to prove some variations 
of comparison results due to PQ concerning the classes £[m] and £[ u ]. 

This work contains some results of the author PhD Thesis, see |T2]. The author thanks his advisors 
A. Kriegl, P.W. Michor and A. Rainer for the supervision and their helpful ideas. 


1.1. Basic notation. We denote by £ the class of smooth functions, C“ is the class of all real 
analytic functions. We will write N>o = {1,2,...} and N = N>o U {0}. Moreover we put R>o := 
{x £ R : x > 0}, i.e. the set of all positive real numbers. For a = (oq,... ,a n ) £ N" we use the 
usual multi-index notation, write a\ := aq!... a n \, |a| := aq + - • --1-0:^ an d f° r % = ( X \,..., x n ) £ R™ 
we set x a = xf 1 ■ ■ ■ . We also put d a = df 1 ■ ■ ■ d% n and for a given function / : U C R r —> IR S 

defined on a non-empty open set U C R r we denote by /^ the k -th order Frechet derivative of 
/. Let Ei,... ,Ek and F be topological vector spaces, then L(Ei,... ,Ek,F) is the space of all 
bounded /c-linear mappings Ei x • • ■ x Ek —> F. If E = Ei for i = 1,..., k, then we write L k (E , F). 
With || ■ ||]Rn we denote the Euclidian norm on R". 
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Let K CC M r be a compact set with smooth boundary, then £(K, R s ) denotes the space of all 
smooth functions on the interior K° such that each derivative of / can be continuously extended 
to K. 

Convention: Let * G {M, w,.M}, then we write £[*] if either or is considered with the 
following restriction: Statements that involve more than one £r*i symbol must not be interpreted 
by mixing and £(*)• The same notation resp. convention will be used for the conditions, so 
write (Ad[*j) for either (_M{*j) or (Af(*)). 


2. Basic definitions 


2.1. Weight sequences and classes of ultradifferentiable functions £[m]‘ M — ( Mk)k G ®>o 
is called a weight sequence. We introduce also m = (mk)k defined by m k := and p = (pk)k by 


._ M k 
M k -i 

(1) M is called log-convex if 


fik '■= Ci k K ! ! Mo := 1- M is called normalized if 1 = Mq < M\ holds (w.l.o.g.). 


(lc) :<:=> V j G N : Mf < M^M^. 

M is log-convex if and only if (pk)k is increasing. If M is log-convex and normalized, then M and 
k M- (Mfe) 1 ^ are both increasing, see e.g. m Lemma 2.0.4]. 

(2) M has moderate growth if 

(mg) 3 C > 1 V j, k G N : M j+k < C j+k MjM k . 

(3) M is called non-quasianalytic if 

. , ^ M p _r 

(nq) :<*=> ^ -j - r — < +oo. 


p=i 




Using Carleman’s inequality one can show that if M has |(lc)| then 

“ 1 


\ Mp_i \ - 


P = 1 


^ (M p y/p 


< + 00 . 


(4) M has (fe) if 


3 Q G N >0 : lim inf > 1 . 


p->oo n p 

(5) For M = ( M p ) p and N = ( N p ) p we write M < N if and only if M p < N p holds for all p G N. 
Moreover we define 

i/p 


M + TV 3Ci,C 2 >lVp€N: M p < C 2 C{Np 

and call the sequences equivalent if 

M k, N :<t=> Ai[+1 N and /vf+]A/. 


Mp 

Sup 

p6N>o V -‘'p 


< +OO 


(mg) and (nq) are stable w.r.t. [«] Furthermore we will write 


M <iN Vh> 03 C h > IV j eN: Mj < C h h J N 3 
For convenience we introduce the set 


lim 


p->oo V N, 


M r 


1/p 


= 0. 


CC := {M G R> 0 : M is normalized, log-convex, lim ( M k ) 1 ^ fc = + 00 }. 

k—too 
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Let r,s £ N>o and U C R r be a non-empty open set. We introduce the classes of ultradifferentiable 
functions of Roumieu type by 

£ {M} (U,R S ) := {f £ £(U,R S ) : V K CC U 3 h > 0 : \\f\\ M ,K,h<+o o}, 
and the classes of ultradifferentiable functions of Beurling type by 

£WE/,m : V K CC U V h > 0 : \\f\\ M , K ,h < +oo}, 


where we denote 

( 2 . 1 ) 


(lf) (l/,r) :={/^(h,r): V K CC U V h > 0 : ||/ 

11/^ (x) |jL fc (R r ,R S ) 


:= sup 
fceN.xeif 


h k Mb 


and H/^HxOIU^r-.rs) := sup{||/ (fe) (x)(xi,.. .,Ufc)|| R » : IKHm*- < 1 V 1 < i < k}. 
For a compact set K with smooth boundary 

£ M ,h(K,W) := {/ C £(K,R S ) : \\f\\ M ,K,h < +oo} 

is a Banach space and we define the following topological vector spaces 


( 2 . 2 ) 

and 

(2.3) 


£{M}(U,R a ) := Ijim liiy £ M .h(K,R s ) = Ijm £ {M }(AT, R s ) 
KCCU h >0 KCU 


£ (M) (t/,R s ) := lpn lpn £ MM (K,R S ) = Ifm £ (M) (AT, R s ). 

KCCU h >o ira/ 


In £M,h(Kj ®. s ) instead of compact sets if with smooth boundary one can also consider a relatively 
compact open subset K of U (see m) or one can work with Whitney jets on the compact set K 
(see [B] and also [T] ). 

We recall some facts for log-convex M: 

(i) We write £^^ l (U, M s ) := {/ £ £{U, R s ) : 3 h > 0 : ||/||m,c/,/i < +oo}. Then there exist 
characteristic functions 


(2.4) 


global / 


e M £ £f° } 


: V j £ N : 


4 } (0) 


>Mj, 


^global / 


cannot 


see (9j Lemma 2.9] and [15] Theorem 1], Note that the Beurling class £f M ^ 
contain such 9m , see m Proposition 3.1.2], 

(ii) If N is arbitrary, then A/fc]V <£=>■ £{ M } Q £{n} and M<tV -£=>- £{m} Q £(n)- If M el CC\ 
then ikQV -£=>■ £[m] C £[ N }. 

(Hi) For any non-empty open set U C K r both classes £im} (U- R) and £(m)(U,M) are closed 
under pointwise multiplication, see e.g. El Proposition 2.0.8]. 


2.2. Classes of ultradifferentiable functions defined by weight matrices. 


Definition 2.3. Let (A, <) be a partially ordered set which is both up- and downward directed, 
A = R>o is the most important example. A weight matrix A4 associated to A is a family of weight 
sequences Ai := {M x £ R> 0 : x £ A} such that 

(M) Vie A: M x is normalized, increasing , M x < M v forx < y. 

We call A4 standard log-convex, if 

(M sc ) (M) and V x £ A : M x (TCT\ 

Also the sequences mf. := and 9k := M* k > 9o := w ill be used. 
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We introduce spaces of vector-valued ultradifferentiable functions classes defined by a weight ma¬ 
trices of Roumieu type £im} and Beurling type £^m) as follows, see also [9j 4.2], 

Let r, s £ N>o, let U C W be a non-empty open set. For all compact sets K CC U we put 

(2.5) £ {M} (K,W) := |J £ {M * } (K,W) £ {m} (U,W) := f| (J £ {M * } (K,W) 

xGA KCCU xGA 

and 

(2.6) £ (M) (R,R S ) := f) f (M x)(R,K s ) £ {M )(U,R S ) := f) £ (m ,)( 17,M s ). 

x£A x£A 

For a compact set K CCf one has the representations 

£{X}(R,R S ) := lin^ linj £ M *,h(K,R s ) 

xGA h> 0 

and so for U C M r non-empty open 

(2.7) £{m}{U, M s ) := jtm liiy liny £ M *.h{K, R s ). 

kccu xeAh >o 

Similarly we get for the Beurling case 

(2.8) £( M )(U 1 R s ) := lim (im (im £M*,h(K, R s ). 

KCCU xGA h >o 

If A = R>o we can assume that all occurring limits are countable and restrict to A = N>o in the 
Roumieu case. Thus £(m)(U, IF) is a Frechet space and lirp lipi £m* ,h{K,^A s ) = ln^ £M n ,n{K,M. s ) 

x£A h> 0 nEN>o 

is a Silva space, i.e. a countable inductive limit of Banach spaces with compact connecting map¬ 
pings. For more details concerning the locally convex topology we refer to [H 4.2-4.4], In the 
appendix in Proposition IA.21 we will show that for some weight matrices the connecting mappings 
are even nuclear. 

2.4. Conditions for a weight matrix M.. We are going to introduce several conditions on A4, 
see also [51 4.1]. First consider the following conditions of Roumieu type. 

(M {dc} ) V®eA3C>03yeAVjeN: M? +1 < <W' +1 Mj / 

[M { m g} ) VseA3C>03y 1 ,y 2 eAVj ) fc€N: M/ +fe < &+ k MfMf 
(7W {l} ) VC>0V:reA3£>>03?,eAVfceN: C k M% < DM v k 

(A4 { s t r ict}) Vie A3j/S A : sup fceN>0 = +oo 

(A4 {B r } ) VxeA3yeA: Af’Sflf*' 

Analogously we introduce the Beurling type conditions. 

(M (dc) ) Vx£A3C>03y£AVjeN: M y j+l < Ci +1 M* 

(A4( mg)) Vii,x 2 6A3C>03j/eAVi,fceM: M v J+k < C^ +k MpM^ 2 
(M (l) ) VC>0Vx£A3D>03yeAVkeN: C k M v k < DM k 

( j^ x \ 1 /k 

jfv) = +oo 

(A4(br)) V x € A3y £ A : 
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2.5. Inclusion relations. Given two matrices Ad = {M x : x £ A} and A f = {N y : y £ A'} we 
introduce 

M{ =<}7V x £ A3y £ A' : 

and 

M(^)U :<*=> V y £ A' 3 x £ A : APQVA 
By definition Ad[^]A/" implies £\m\ — £[N] and write 

Ad{«}Af :«■ A/fBTJV and 

and 

Ad («)N :4» MB)H and A/fB)H 

Moreover, we introduce 

M <\U :oVx€AVyeA': Mi<]A y , 

so Ad <1 TV implies £{m} Q £{M)- In 13 Proposition 4.6] the relations above were characterized for 
| (Ad sc ) | matrices with A = A' = K>o- In this context we introduce also 
(Ad{ C *>) 3ieA: liminf k^oo{m%) 1/k > 0, 

(M-h) Vi £ A : liminf k^oo{m%) 1 / k > 0, 

(Ad(c«)) V x £ A : lim fc _ >00 (m|) 1 / fe = +oo. 


in £. 


{M} 


if 


Recall [9] Proposition 4.6]: If ( M{c ^}) holds then the class of real-analytic-functions is contained 
then the real-analytic functions are contained in £(m)- If (Ad«) is satisfied, 
of entire functions are contained in E^m)- 

^>o or N>o, then R>o or N>o are always regarded with its natural order <. 


(Ad(c-)) 


then the restrictions 
Convention: If A = 

We will call Ad constant if Ad = {M} or more generally if for all x, y £ A, which violates 

both (Ad{strict}) and (Ad( s trict)) Otherwise it will be called non-constant. 


2.6. Classes of ultradifferentiable functions £[&]• A function to : [0,oo) —>• ]0,oo) (sometimes 
uj is extended to C, by w(x) := w(|x|)) is called a weight function if 
(i) ui is continuous, 

( ii ) u is increasing, 

(in) w(x) = 0 for all x £ [0,1] (normalization, w.l.o.g.), 

(iv) liuLj^oo u>(x) = + 00 . 

For convenience we will write that w has (wo) if it satisfies ( i ) — (iv). 

Moreover we consider the following conditions: 


(wi) w( 2 t) = O(oj(t)) as t —» +00. 

(002) iv(t) = 0(t) as t — > 00. 

(w 3 ) log(f) = o(u(t)) as t ->• +00 («• lim t _> +oc = 0 ). 
(014) (fui : 1 1->- w(e*) is a convex function on R. 

(015) w(t) = o(t) as t — > +00. 

(w 6 ) 3 H > 1 V t > 0 : 2w(t) < uj(Ht) + H. 

(u> 7) 3 H >03C>0Vt>0: w(t 2 ) < Cuj(Ht) + C. 

(w nq ) ^dt < 00. 


An interesting example is ui s (t) := max{0, log(t) s }, 
(ujq) For convenience we define the sets 


s > 1, which satisfies all listed properties except 


W 0 := {w : [ 0 , 00) -4- [ 0 , 00) : w has |(w 0 )][(w^)||(w 4 )[ }, 
W := {w £ W 0 : w has |(wi)| }. 
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For uj € |Wq| we can define the Legendre-Fenchel- Young-conjugate by 

v£(z) : = sup{xy - ip u {y) :y> 0}, 

with the following properties, e.g. see |2j Remark 1.3, Lemma 1.5]: It is convex and increasing, 
¥>* (0) = 0, </?** = tp u , lim^oo = 0 and finally x and x are increasing on 

[0, +oo) . 

For two weights cr, r € |Wq| we write 

a ■< t :<t=> r(t) = 0 (a(t)) as t —> +oo 

and call them equivalent if 

7 ~ t :<=> oBIr and 7fB]r. 

Moreover introduce 

cr <1 t :<=>■ r(f) = o(a(t)) as t —>■ +oo. 

Let r,s€ N>o, U C R r be a non-empty open set and oj £ |Wq] The space of vector-valued 
ultradifferentiable functions of Roumieu type is defined by 

£ {U1} (U,R S ) := {/ £ £(U,W) : V/fCCFR>0: \\f\\ u ,K,i <+oo} 

and the space of vector-valued ultradifferentiable functions of Beurling type by 

£ H ([/,r):={/6£((/,r): V K CC U V l > 0 : \\f\\ UtK ,i < +oo}, 

where 

^ n \ ii f ii ll/ (fc) ( a; )lli fe (R>-,Rq 

(2-9) \\f\\u,K,i ~ sup - . 

keN,xeK exp( T <p*(lk)) 

For compact sets K with smooth boundary 

£u,l( K ^ S ) ■= if € f(R,M s ) : \\f\\ u ,K,i < +oc} 

is a Banach space and we consider the following topological vector spaces 

(2.10) £ {u} (U,R s ) := ^im lhn £^(R,R S ) = lhn £ {ul} (K,R s ) 

KCCU l >0 

and 

( 2 . 11 ) 


KCCU 


£ {uj) (U,R s ) := lhn lhn^(RT,M s )= lhn £ M (R,R S ). 

KCCU l>0 KCCU 

For a , t dW\ we get e | £] r <=> £\a\ — £[t] s-ad 7 |<lt J <=> &{t} — £(rr) • see [IT] Corollary 5.17]. 

We summarize some facts which are shown in [5] Section 5]. 

(i) A central new idea was that to each u el Wl we can associate a ( M. sc ) weight matrix 
fl := {£l l = (Q'-)j- eN : l > 0} by 


II 

'a 

ni holds 

(•^{L}) 

(Ai (L) )| 


:=exp(i^*(«j)). i 

holds as locally convex vector spaces and f 1 satisfies (Al{ m g}) (Al( m g)) 


and 


V CUA^XXU VV V^A^XAU iUUUUlUiiO V AVjAAA U1 V CXiAAjAA U VV^1£^AAU AAAGtUA 

Note that (Al[ m g]) is stable w.r.t. [«], whereas (A1 [lj) not. 
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(iv) Defining classes of ultradifferentiable functions by weight matrices as in (12.51) and in (12.61) 
is a common generalization of defining them by using a (single) weight sequence M, i.e. a 
constant weight matrix, or by a weight function ui ( I W I But one is able to describe also 
other classes, e.g. the class defined by the Gevrey-matrix Q := {(p! s+1 ) pg N : s > 0}. 

2.7. Classes of ultra-differentiable functions defined by a weight matrix of associated 
functions. Let M £ the associated function lom '■ R>o ->RU {Too} is defined by 


( 2 . 12 ) 


t p M 0 \ 


ui M (t) := sup log I ) for t > 0 , 

P eN \ M p J 


wm( 0 ) := 0 . 


Moreover liminf p _ >00 (m p ) 1 / p > 0 implies ( 1 ^ 2 ) | liinp^oo (mp) 1 ^ = +00 implies [(a;5)|/or ujm- 


Lemma 2.8. If M < \ CCA then ujm belongs folWp 


We refer to [Q Definition 3.1] and [lj Lemma 12 (iv) =>• (u)]. That lim(m p ) 1 / p = +00 implies [( 0 ^ 5 )! 
for u>m follows analogously as liminf(m p ) 1//p > 0 implies [(w^J) for ujm as shown in [TJ Lemma 12 
(iv) => (u)]. Note that by Stirling’s formula liminf(m p ) 1//p > 0 is precisely (MO) in [I]. 


Remark 2.9. Let ui g |Wo| be given, then 

(1) n l el CC\ for each l > 0 by [9j 5.5], 

(2) 1 ui^Uni for each l > 0 by [5] Lemma 5.7], 

(3) u> satisfies 

if and only if some/each f l l satisfies (n 


K 


(«) _ 

(b) (ujq) if and only if some/each £l l satisfies (mg) if and only if Ofet2 ra for each Z, n > 0, 
by [f ] Corollary 5.8, Theorem 5.14]. 


Let At = {M x : x £ A} be (At sc )] then we introduce the new weight matrix ujm := {u>m x '■ x £ A}. 
Let U C ffi. r be non-empty open and put 


£ {w7w} (f7,R s ) := {/ £ £(U,W) : V K CC U 3 x £ A3 l > 0 


and 


£ {ujm )(U,R s ) := {/ £ £(U,R S ) : V AT CC £/V 2 € A V Z > 0 
Thus we obtain the topological vector spaces representations 


llcjjvfx ,ic,z ^ Too} 

| WjVf a; T TOO}. 


(2.13) 

and 

(2.14) 




£ (u m )(U,\ 


:= ^im lin^ £ WAfX 
k<zcu xeA,i>o 


,i(K,] 


s ) := £ Um *,i(K,\ 

KCCU x&A,l>0 


3. Stability of constructing multi-index weight matrices 


3.1. Introduction. Let At := {M x : x £ A} be |(At sc ) By Lemma 12751 we get u>m x g |Wo| for each 
x £ A. On the other hand by ]9] 5.5] to each c 0 £ m we can associate a |(At sc )| weight matrix 
ft := {(fijOteN : Z > 0 } by putting fi*. := exp (}</>* (lj)). 

So one can consider the construction 


( 3 . 1 ) 


M x i-i- lom x ^ M x ’ 11 ^ j i->- M x ' h ’ 12 
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where for x £ A, lj £ R >0 , j £ N>o, and igNwe put 


M i := exp 


1 

ij+i 


-v 


{ij+ 1 *) 


Mf ;h := exp 


(hi) 


respectively 


■h (t) ■= sup log 

pGN 


t p 


m: 


x ; 1 1 


for t > 0 , 


M' 


■■■•£ . h (°) : = °- 


On the one hand we obtain a sequence of matrices of weight functions. [0J Lemma 5.7] implies 

(3.2) M x £ AM j £ N>o V Zi,..., Zj > 0 : . m^i.. iDEL m x , 

hence this construction is always stable. So for each non-empty open U C M r we get 


(3.3) 

and 

(3.4) 


£ {um}( u ^ s )= Jim lii$ 


xlAK,^) 


KtZCU x<=A,l,h>0 


£(vm)(U,^ S ) ~ I™ Jdiff -,i 


Ijm £u 

KtZCU x&A,l,h>0 


,h(K,R s ). 


On the other hand we get a sequence of matrices of weight sequences. In Theorem 13.41 we are going 
to characterize the stability of this construction and we will see that only in the first step of EED 
there can occur a non-stable effect (see Corollary 13.81) . 

Finally the aim of this Section is to prove the following result: 

Theorem 3.2. Let Ai := {M x £ R > 0 : x £ A} be (A4 SC )[ let r,s £ N>o and U be a non-empty 
open set in R r . If M has (A4[lj) and (Af[ mg ]) ; then we get as locally convex vector spaces 

£ [m] (U,R s )=£ [um] (U,W). 

3.3. Stability of constructing multi-index matrices consisting of weight sequences. In 

this section we show the following result which is the first step to prove Theorem 13.21 


Theorem 3.4. Let Ai = {M x : x £ A} be (Ai sc ) Then Ai[~]{M x ’ 1 : x £ A, l > 0} if and only if 

(1) in the Roumieu-case (Adj^^r) holds, 

(2) in the Beurling-case (Ad( mg )) holds, provided A — R>o- 

First we prove 

Lemma 3.5. For each x £ A, l £ N>o and j £ N we get 
(3.5) Mf = 

Proof. We use [6j Proposition 3.2] and get 

Mf 1 := exp (lj= exp Q sup {y(lj) - <p UMX (y)}^ = exp ^sup j (yj) - yVW (y) 

si 


= sup ■ 


exp (yj) 


7>o exp (y)) s >l exp (yw M * (s)) V«>o exp(ujp (s)) 

All steps except the last one hold also for l > 0 instead of l £ N >0 . 

The next result generalizes [SJ Proposition 3.6]. 




= sup ■ 


l/l 


= (M^) 1/l 


□ 
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Proposition 3.6. Let At be (At sc )[ then 
(3.6) 


V x G A 3 H ^ 2 ujmv (t) ^ u>m x (.Hi) -f- 77, 



(M(mg)) 4=>- Vx£A3ff>13(/eAVt>0: 2u>m x (t) < wm» (ift) + H. 


(3.7) 

T/ren /or all x,y G A. (13.61) or (13.71) does not imply necessarily \(uie)\ for each ojm x - 


Proof. We follow [6j Lemma 3.5, Proposition 3.6] and consider the Roumieu case. (At{ mg }) 
equivalent to 

V x G A 3 H > 1 3 y G A V p G N : Mf < H p min M v n M p =: H P N P . 


p — 


0<q<p 


q p—q 


By [3 Lemma 3.5] we have ujnv = 2wm# and proceed as in El Proposition 3.6] to get 


2 w m « (t) = sup log ( -Ly ) = sup log 
- /v p / pen 


t p 


min 0 <q<pMqMp- q 


\ ft p H p \ , x 


Conversely, again as in El Proposition 3.6] 
t p t p 


N p = sup 


t>o exp(wjv»(t)) ;>o exp(2u M »(*)) t>o exp (u M x (Ht) + H) H p exp (77) 


> sup ■ 


t p 


Now we are able to prove the first part of Theorem 13.41 


-M x 


□ 


Theorem 3.7. Let At := {M x G M> 0 : x G A} be (At sc ) r, s G N>o- If (At{ mg j) holds then for 
each non-empty open set U C.W we get as locally convex vector spaces 

£{M}{U,^ S ) = lim £ M x-.i h (K,R 3 ). 

KCCU oceA,l,h>0 


If (At ( mg )) holds then we get as locally convex vector spaces 

£(m){U, 9, s )= lim IRn £ M x-,i h (K,W). 
KC<ZU x£A,l,h>0 


Proof. Roumieu case. By (13.51) implication (C) holds in any case since M l;1 = M x < M v for 
x < y. We show (D) and by (13.51) it suffices to prove 

(3.8) VsgAVIg N >0 3t/GA3C>lVjGN: (M/,) 1 / 1 < C j M? M x < C jl (M p )\ 


which implies S M x-,i h (K,W) C £m»,c/i(AA R s ). Now for each x G A there exists D > 1 and y G A 


such that < D 2 i (M p ) 2 for all j G N by (At{ E 
/-times. 


g j) and so (13.81) follows by iterating this estimate 


Beurling case. (D) is valid in any case since M x;1 = M x for each x G A. Let us prove (C), more 
precisely we show 

(3.9) VxGAV/>03yGA3C'>lV/GN: M] < C j Mf‘\ 
which implies £mv ,h(K^ s ) Q ^M':‘,a(^® s )' Iterating (13.71) gives 

(3.10) Vi G A Vfc G N >0 3 y G A 3 H > 1 Vi > 0 : 2 k uj M x (t) < u] M y(H k t) + (2 k - 1)77. 
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Let l £ N>o be given (large) and k £ N>o be chosen minimal with l < 2 k . For all x £ A and j £ N 
we have as in the proof of (13.51) 


it rX\\ 11 

M i = SU P -77-77o 

J t >o exp 


> sup 


ft 


t >o exp (u M y{H k t) + (2 k - 1 )H) 


1 

exp((2 fe - 1 )H) 



Ml 


Consequently for arbitrary x £ A and l £ N>o we find y £ A such that . □ 

An immediate consequence of Theorem 13.71 is 


Corollary 3.8. Let M be |(A^ SC )[ then after the first step in (EB the construction yields always 
equivalent weight matrices of weight sequences w.r.t. to both {ss} and («) 


Proof. Let a; £ A be arbitrary but fixed. By Lemma [TOsl we have wm* S lWol and so [5] 5.5] implies 
that each matrix A4 X := (M l;i : l > 0}, x £ A, satisfies both (A4{ mg }) and (M ( mg ))l □ 


Now we prove the converse implication for Theorem 13.41 Here, the assumption A = R>o for the 
Beurling case is necessary. 


Proposition 3.9. Let M. := {M x £ Ru . 0 : x £ A} be (A4 SC ) 

(i) The equality 

£{th}(M,R) = l)m lin^ £ M x-,i th {K, 
K CCl iSA,i,k>0 


implies (A4{ mg }) for A4. 

(ii) Assume that A = R>o, then 


-(X) J 


implies ( A4 ( mg )) for A4. 


lim lim £ M x-,i h (K, R) 
ACCR $eA,i,h>0 


Proof. We generalize the technique in the proof of [5] Lemma 5.9 (5.11)]. 

Roumieu case. For each x £ A and l > 0 there exists a characteristic function 0 x ^i £ £’®j() l ), a i 1 |(]R,IR), 
see m - So the inclusion (D) implies 

VxeAV/>03yeA: M X ^I V = M y ’ x , 

equivalently 

(3.11) Va;eAVi>03j/sA3C>lVjGN: (O') < j log(C) + *l MV (j). 

Consider (13.111) for all f > 0 instead of all j £ N. Then 

(*•)) (s) = sup |st - jT*u> m x (it)| = y sup {st' - <p* UMX (*')} 

= y V*u M x (s) = y<7W*(s) = yw M *(exp(s)), 
which holds since um* £ |yVb| and so pZ* M r. ( s ) = Vuj m * ( s )- The right hand side gives 

(■ D + Tl MV (•))*(») = sup{(s - D)t - y* UMV (t)} = yl* MV ( s-D) = ip UMV (s - D) = u M y ■ 
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Then we use [HI Lemma 5.7] (since u>m x € |Wo| we can replace ui by wjus = ujmva there) and get for 
s > 0 sufficiently large: 

sup j st - j<p* (It) \ > sup j sj - ( lj) 1 > sup {sj - jD - tp* (j)} 


t> o l l 


je n 


S3A11 


je n 


> i sup{sf - tD - vl MV (t)} = \vl* MV ( s-D) = i u M y 

Z t >o ^ * 


f cxp(s) 

V c 


Thus for all t sufficiently large \uiM x (t) > |wm» (<y) holds. Put l = 4 and by (13.611 we have shown 


(A4 {mg} ) 


Beurling case. We follow the second Section in [3], see also [5] Proposition 4.6 (1)]. By assumption 
flzeA f( M x)(R, m) c p| and both are Frechet spaces. Using the closed graph 

theorem the inclusion is continuous. Hence for each compact set K\ C R, x £ A, l > 0 and h > 0, 
there exist C,hi > 0, y £ A and a compact set K 2 C R such that for each / £ flxeA^-MuC®’®) 
we obtain 

\\f\\M*;‘, Kl , h = sup sup =C\\f\\ M v,K 2 M- 


teK lt jen h^M- 


t£K 2 ,j£ n h{MV 


■ 1 j 

Let K 1 be a compact interval containing 0, put h = 1 and take f s (t) := sin (st) + cos (st) for t £ M 
and s > 0. Note that f s £ DxeA(®-^ or an y s — 0 since limfc_ >oc (Mp 1 / fc = +00 for each 
x £ A. Then 


\f { s j) m 


\.f { s J \t)\ 


\f ( s J \t)\ 


sup x , t = sup x , l ' 1 < sup x , l ' 1 < C sup -TTT77T — C sup 


2 


je n iHj ’ jeN 


teiCi.jeN Mj ’ 


tei^.jeN h{M? jeN/ijMj’ 
which implies exp(w M x ; i(s)) < 2Cexp ^ (lu))' Using [6] Proposition 3.2] we get for all j £ N 


M x;i = sup 


V 


> sup ■ 


P 


h J 

*>o exp(a j M -.,(t)) ~ t> 0 2C exp (£-)) ~~ ’ 


hence . We summarize: 

(3.12) Vr£AV/>03i/£A3P>lVi£M: (j) < j \og(D) + (lj). 

Now use the proof of the Roumieu case to get (jy) for t sufficiently large. The 


choice l = \ and (13.71) imply (A4( mg )) 


□ 


3.10. Classes S\ UM \ defined by a weight matrix of associated functions. The goal of this 
section is to prove 


Theorem 3.11. Let At := {M x £ R5. 0 : x £ A} be (A4 SC ) , let r,s £ N>o and U be a non-empty 
open set in R r . 


(i) (Ai^j) for A4 implies 


£ {o>m}( u ^ 8 ) = lii^L £ M x-,i th (K,R a ), 

KC<ZUx£A,l,h>0 
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(ii) {M[]_,)) for M implies 


£{u>m)( U -’ W )= !ilB £m^‘,Ii(K,M. s ) 

KCCU x£A,l,h>0 

as locally convex vector spaces. 

The main Theorem 13.21 follows then by combining Theorem 13.71 and Theorem 13.111 
We start with the following result: 


Proposition 3.12. Let M. := {M x £ R5. 0 : x £ A} be (M. sc ) 


(*) l}) implies 


(3.13) 


Vx£A3y£A: u>My (2 1) = 0(ojm x (t)) ast —» oo. 


(ii) (A1 (l)) implies 

(3.14) Vx£A3j/£A: ojm x (2t) = 0(ujMy (t)) ast^-oo. 

If all associated functions are equivalent w.r.t. [^j then each/some ojm x satisfies\(LUi)\ 


Proof. By (_A4 {l}) for each x £ A and each h > 0 there exists y £ A and D > 0 such that M£h k < 
DM% holds for all k £ N. Multiplying with t k for arbitrary t>0we get and finally 

log < log + Di, which holds for all k £ N. So by definition uj M y(ht) < uj M x(t) + D\ 

holds and it is enough to take h = 2. 

instead of 


The Beurling case is completely analogous, use (-M( L )) 
The next result generalizes (9} Lemma 5.9 (5.10)]. 


(Ad{L}) 


□ 


Proposition 3.13. Let {<r x £ |Wq| : x £ A} be given and assume the Roumieu type condition (see 
Provosition \3.1^ above): 

Vx£A3y£A: cr y (2t) = 0(a x (t)) ast^-oo. 


Then 


Vs£AVs£N3j/£A3i>lVa>0Vj£N: 

exp Qoj)) exp (s) j < exp ) exp (^—^(L 8 a j)j . 

If the Beurling type condition 

Vx£A3y£A: cr x (2t) = 0(a y (t )) ast —> oo 


holds, then 

Vx£AVs£N3j/£A3L>1Vo>0Vj£N: 

6XP (a^^ aJ 0 exp ( s ) J - exp (^L'a ) 6XP (a‘ 

If each lum x feas|(a;i)| then the Roumieu and the Beurling case is satisfied with x = y. 
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Proof. We consider the Roumieu case. For all a; £ A there exist y £ A and L > 1 with a y (4t) < 
La x (t) + L for all t > 0, hence Ta y (t + 1) = a y (exp(t + 1)) < La x (exp(t)) + L. First we have 

T*a y (Ls) = A sup jsf- : t > o| > Lsup{st - (1 + - 1)) : t > 0} 

> L sup{s(f — 1) + s — 1 — ip ax (t — 1) : t > 1} = Ls — L + L<p* x (s ), 

and so 

Va;eA3yeA3L>lVt>0: Ltp* x (t) + Lt < L + ip* y ( Lt ). 

Using induction on this inequality we get 

S 

VieAVseN3(/eA3i>lVt>0: L>* x (i) + sL s t < (p* y (L s t ) + ^ L\ 

i=i 

Now put i = aj for jgN and a > 0, divide by L s a and finally apply exp. □ 

Propositions 13.121 and 13.131 imply 


Corollary 3.14. Let M. := {M x e M> 0 : % G A} fee (A4 SC ) 

(i) If M has (A1{l})[ i/ien 

(3.15) VieAVfe>03i/eAVa>03P>036>OVjGN: < DMf b . 

(ii) If A4 has (-M(l))[ then 


(3.16) VxGAV/i>03i/GAVi)>03P>03fl>0VjGN: Mf a h j < DMj’ b . 

Using (13.151) in the Roumieu and (13.161) in the Beurling case we get Theorem 13.111 and are done. 
We can also prove: 


Corollary 3.15. Let M := 


{M x £ M> 0 : x £ A} he (A4 SC )] then (13. 131) 4=)> (13.1511 and (I3.14l) <(=> (|3.16l) . 


Proof. It remains to show (-£=). In (13.151) let h = 2, a = 1, multiply with P for arbitrary t > 0 
and apply log. Thus (jj My] b{2t) = 0(u>M x (t)) holds as t —>• oo. Finally Lemma 5.7] implies 
for each h > 0. The case for (13.161) is analogous. □ 


3.16. Applications of Theorem 13.21 If Ai — fl for some ui g j W\ then by Theorem 13.21 and [SJ 
Theorem 5.14] we get = £[ un \ = £[ u ,j for each l > 0. More generally we can prove 


Corollary 3.17. Let A4 = {M x : x > 0} have (A4 SC ) 
(i) There exists ui Gl Wl with £\m\ = £[u\ ■ 


Then the following are equivalent: 


(ii) There exists a (M. sc )\ matrix j\f = {N x : x > 0} with A4[«]A/", such that ojat^Umv for each 
x,y > 0 and J\f has (A4[ mg j) and (A4[l])- 


Proof, (i) =>■ (ii) We can take A f = £1, see [5] Proposition 4.6, Lemma 5.7] and [21 Theorem 5.14, 
Corollary 5.15], 

(ii) =>• (i) Combining Theorem 13.21 and [!J[ Theorem 5.14] we get 
(3-17) V x > 0 : = £ [A fj = £ [uAf] = £[ WJVX ] = £[at*] 

with J\T X := {N x ’ 1 : l > 0}. Note that u>m x Gl Wl for each x > 0, see Proposition 13.121 So we can 
take ui = uin x and U = AT X for some arbitrary x > 0, i.e. £l l = N x ’ 1 . 

Finally by [2} Proposition 4.6] we get M.[~\N X and any a G I Wl with £\ a : = £[m] satisfies prelaw* 
by [3 Corollary 5.17], □ 
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Let At = {M x : x £ A} be (.M sc ) given, then in general we will not have for any 

x,y £ A. On the one hand by definition < um* whenever x < y and on the other hand 0 1.8 
III] yields co M x {f) = sup pgN plog(t) - log {M x ) = p t , x log (f) - log(M* J, where n x tx < t < fJ,£ tx+v 
So if At satisfies 

(M%) c 

(3.18) Va:,?/>0a;<?/3C'>13to>lVt>fo3(7SN: 


9 ' < -f-qC-pt.x 


M 

Pt.x 

then all associated functions are equivalent w.r.t. Q3 Moreover we can prove: 

Lemma 3.18. Let M. N el CC\ 

(1) If u>m satisfies (wi) then Aif^l/V =» 

(2) If N satisfies (mg)] then ccaQum => Ap] M. 

Proof. (1) For all f > 0 we get 

uj M (t) = sup(plog(t) - log(Mp)) > sup(plog(t) - log (D P N P )) = ui N 

pe n '-n-'"' pgN 

ai(2K 

for a constant D > 0 (large). Iterating | (uj \) | we have UM(2"t) < C n ojM{t) + C for a constant C > 1 
and all t > 0. Choose now n £ N minimal such that D < 2 n , hence wjv(t) < u>M(Dt) < wm(2"1) < 
C n ujM{t ) + C for all t > 0 and so wjv(t) = 0{ojM{t)) as t —> oo. 

(2) By [6] Proposition 3.6] condition (mg) for N implies [(co>6)| for con. Using El Proposition 3.2] we 
can estimate for all p £ N: 

t p t p t p 

M p = sup ——- > sup —zTFi - tj.\ , ^ \ — ^2 sup ■ 


D 


t>o exp(coM(t)) t>o exp(Ciu>N(t) + Ci) 

l 


t>o exp(iON(H n t) + (2 n - 1)H) 


= C 3 


H r 


N v 


where n £ N is chosen minimal such that Ci < 2 n (iterating |(co> 6 )| as in (13.101) '). Thus AQM 
follows. □ 


3.19. Roumieu case versus Beurling case. For £\m] and £[um\ it is also important to know 
whether one can replace in their definitions the Roumieu classes £{m x }i £{u m x} by the Beurling 
classes £(m x ), £(u m *)- I n the case £\m] this can be done assuming (-M[ B ri), see [21 4.2 (4.4)]. If 
At = fl for some co ( I W l then |(o; 7 )| is sufficient to guarantee this property for the Roumieu case 
and the Beurling case, see 0 Theorem 5.14 (4)]. 


Proposition 3.20. Let At = {M x : x £ A} be (At sc ) 

(i 

(3.19) 


If Ai has (A4{br>) and. each M x has (mg), then 

M x £ A3 y £ A: co m l~~h m v , 


(3.20) 


which im plies LUa £w1 = LUa £<*„*) ■ 

(ii) If M has (.M(br)) an d each M x has (mg), then 

VxGA3i/GA: (jJ M M x 


which implies fl^fA 


{Hi) If each u>m x has 


= a 


(wi) 


eA ^Am x )- 


and (13.191) holds, then At has 


(•^4{br>) 
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Proof. We consider the Roumieu case (i) and (Hi), the Beurling case (ii) and (iv) is completely 
analogous. 

(i) (13.1911 means 


By assumption (A^{br}) 


Vi£A3i/eAVC>03i)>0Vt>0: u>m« (t) < Cujm x (t) + D. 
holds, 


i.e. 


VxGA3 2 /GAV/i>03C'^>0VjeN: M x <C h h° M?. 


Multiplying with P for arbitrary t > 0 and j G N we get by definition log(C^J+ wm 1 (f) > up (f//i). 
Now let 1 > C > 0 be given, (mg) for M v implies [(iu 6 )| for lomv- Iterating this condition (see (13.101) ') 
we take k G N minimal with C 1 < 2 k and choose h := Then C~ 1 u>My(t) < u>My(H k t) + (2 k — 
1 )H = Ujn» (£//i) + Hi < lom x (t) + H 2 ■ 


(■ Hi ) Iterating | (cui) | for u>m x gives WM*(2 n i) < I n WM*(l) + ■ So let 1 > h > 0 be given and 

choose n G N>o minimal with A -1 < 2 n . Then vjM x (t/h) < 0JM x (‘2Pt) < L n u>M x (t) + X^"=i and 
choose C := L~ n which depends only on x G A and given h. According to x G A and C we use 
(13.191) and Proposition 3.2] to obtain, for all j G N: 




> sup 


p 


t>o exp (Cujm x ( t ) + D) 


1 P 

~ Di *>o exp (coM x (ht)) 


- M x 


Note that the constant Di depends also only on x and h. 


□ 


4. Characterization of the non-quasianalyticity of £^m\ 

Let M be (At)] then £[M\ i s called non-quasianalytic if £[m] contains non-trivial functions with 
compact support. 

The goal is to characterize this property in terms of the weight matrix At which gives answer to 
0 Remark 4.8], 


Theorem 4.1. Let At = {M x : x G A} be \(Ai)\ 

(i) £{m} is non-quasianalytic if and only if there exists Xq G A such that £[m x o] is non- 
quasianalytic. 

(ii) £(m) is non-quasianalytic if and only if each £\m x ] is non-quasianalytic, provided A — R>o. 


Remark 4.2. The theorem above still holds if we assume that each M x G »5o is arbitrary with 
Mq = 1 and M x < M v whenever x < y, i.e. the assumption that each M x is increasing is not 
necessary. This holds by the definitions of £[m] given in \2.2\ and since we work in the proofs of 
Propositions 14-41 an d below with the regularizations M lc and M 1 which will be defined in \4-3\ 
Note that M < N implies M lc < N lc and M 1 < N 1 . 


4.3. Non-quasianalyticity of £[m\ ■ Before we start proving Thcorem ll. 1 1 we recall and summarize 
some facts for classical Denjoy-Carleman-classes £\m] ■ Let M G M « 0 with Mo = 1 , then we denote 
by M lc = ( Mj c )j the log-convex minorant of M which is given by 


Mj := sup 


P 


t>o exp (ui M (t)) 


resp. 


Mj C := inf {M^~ j)/{l ~ k) M^- k ^/ { - l ~ k) :k<j<l,k± l}, M£ := M 0 = 1 
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see El Definition 3.1] and [7| resp. 0. Moreover we introduce 

M 1 := ( Mi ) k , Ml := (infftM,-) 1 ^ : j > fc})* for k > 1, M 0 7 := 1, 


see also 0. miy/ k ) k is the increasing minorant of ((Mf c ) 1 ^ k )k, M 1 = M if and only if fc i—>■ 
(Mfc) 1 ^ is increasing. If M is |(lc)[ then M = M 1 and ( M lc ) / = M lc , so M lc < M 1 < M. 


Proposition 4.4. Let M £ with Mq = 1. 
/tas |(nq)| and if and only if Y, P >i < +°0- 


Then £\m] is non-quasianalytic if and only if M l 
In this case C u C = £[m 1c ] holds. 


C 


Remark: The equivalence < +°° ^ an< ^ on ly if Af lc has ( n Q) can be shown directly 

without using the non-quasianalyticity of £[m], see the proof of 0 Theorem 1.3.8]. 

Proof. By 0 Theorem 1.3.8] and 0 Theorem 4.2] we know that £[m) is non-quasianalytic if and 
only if {M iy/ P < +oo and if and only if |(nq)| holds for M lc . More precisely the Roumieu-case 

follows directly by 0 Theorem 1.3.8]. If £(m) is non-quasianalytic, then £{m} too and apply 0 
Theorem 1.3.8]. If M lc has (nq)| then by 0 Theorem 4.2] the class £(m 1c ) is non-quasianalytic, 
hence £(m) too. 


Claim. If £[m] is non-quasianalytic, then lim p _ >00 (mp ) 1/p = +oo «=> limfc^oo ^ Ip) p ' ■ = +oo. We 
put a p := ( M iy/ P in the well-known Lemma l4~5l below and since (Mf) 1 ^ < ( M p ) 1 / p for allp £ N>o 
the claim follows. 

This claim generalizes remark (6.1) on page 387 in [13] since there [(IcJ| (which is assumed in (6)) 
for M was necessary. Moreover it implies C u C £^ M \. 

Finally by 0 Theorem 2.15] and the claim we see that £[m 1c ] Q £[m‘] Q £[m] = £[m 1c ]- □ 


Lemma 4.5. Let (a p ) p >i be a decreasing sequence of positive real numbers with Y2 P >i a p < +oo. 
Then pa p —> 0 as p —>• oo. 


4.6. The general case £\ m \ . Proposition 14.41 shows that £{ m } is non-quasianalytic if and only if 
£(m) is. In the general case this is not true, e.g. let A4 = {M 1 ,M 2 } such that M 1 < M 2 , ^[m 1 ] is 
quasianalytic whereas £[m 2 } is not (take Mf := pi and M 2 := p\ s for some s > 1). 

We prove now Theorem 14.II The Roumieu part is obvious and the Beurling part will follow from the 
following Proposition [377] which uses the idea of |14l Lemma 5.1]. We construct a non-quasianalytic 
sequence N which is smaller than any sequence in the matrix M. More precisely, we will show 
that IVRflM, while in [13] Lemma 5.1] only 1V |(^)| A4 was proved. Moreover the assumptions in El 
where each M x is log-convex and pdf < pf for all p £ N and y < x will be not needed for our proof. 


Proposition 4.7. Let A4 := {M x £ IR> 0 : x £ A = R>o} satisfy |7~-'V1 ) | such that £[m x ] is non- 
quasianalytic for each x > 0. Then we get: 


(i) 

(a) 

(Hi) 


There exists N with Nq = 1 and N 1 = N, £[n\ is non-quasianalytic and iVRilM. so £{n} Q 
£{m) ■ 

Let U be a non-empty open subset of ML. For every bounded subset B in £^m)(U) there 
exists a sequence N as in ( i ) such that B is a bounded subset in £^}(U), too. 

Let AT := {N x : x £ K.>o} satisf y \{M) and (At{c^}) and such that A/RilM . Then there 
exists a sequence L which satisfies (lc)[ (nq)| and finally A/RflTRilM. 
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Proof. (*) Since A — R>o and A4 satisfies |(At)| we can restrict to A = : n e N >0 }, seeO By 

[5] Theorem 1.3.8] and [ 6 ] Theorem 4.2] we get 

Now, as in m Lemma 5.1], we introduce sequences [a q ) q > o and ( 6 ,),>o recursively as follows. Put 
o-o = bo = 0 , then let a q be the first integer such that 


(4.1) 


CLq bq — i 5 


o° 1 

Z +i ((MV^.))') 1/P 


2-9 

“ 9+1' 


b q shall be the first integer such that ^-((M 1 / 9 )^ y/ a t < —^((M 1 ^ 9-1-1 ^ ) 1 / b i holds. Since for each 
q G N>o separately p H- ((M 1 / q ) I p ) 1 / p is increasing, tending to infinity and since ((M 1 / 9 )^) 1 /p > 
((M 1 /(« +1 ))^) 1 /p for each p , q > 1 we have a, < b q for each q. 

Now introduce A = ( N p ) p as follows. We put Ao := 1 and for p £ N>o we set 

(- N p ) 1/P = -^((M 1 / 9 )') 1 /? for 6 ,_r < p < o„ (Ap) 1 ^ = ^((Af 1 / 9 )^) 1 /"* for o,+l < p < 6 ,- 1 . 
Claim. The mapping p i —> (A p ) 1 / p is increasing, i.e. A J = A. 

If 6 ,_i < p < a q and a, + 1 < p < b q — 1, then (N p ) 1 / p < (A p+ 1 ) 1 Ap+ : 1 ) holds by definition. If 
p = a q , then (Ap) 1 ^ = ^((M 1 / 9 ) 9 ) 1 /? < = (j\T p+ 1 )i/(p+i) and if p = b q - 1 , then 

(Ap) 1 ^ = ^((M 1 / 9 )^) 1 / 0 " < ^ I ((A/ 1 /( 9 + 1 ) )bJ 1/6<; = (Ap+i) 1 /^ 1 ) holds by the choice of (&,),. 
Claim. £[n\ is non-quasianalytic. First we have 


b a — 1 


E (Ap)!/p E ( E 


p=ai + l 


bo —1 


a q+i 

E 


,=1 V^+l ^ 


E E 


a q+1 

E 


9 + 1 


oo oo 


, „„, +1 ^ ((*'/(-«))!)“ 


4.E E 

g=lp=a, + l 


9 + 1 


((M 1 /( 9 + 1 ))D 1 /p 


< 1. 


< 2-9 


(*) holds because by the choice of (b q ) q we have ^^-((M 1 ^ 9- *" 1 ))^) 1 /? 1 < ^-((M 1 / 9 )^) 1 / a 9 for a, + l < 
p < b q — 1. Since A = A 7 and by 0 Theorem 1.3.8] and j 6 ] Theorem 4.2] we are done. 

Claim. AFTfVf . i.e. ARiM 1 ^ for all x £ N>o- 

We have (Ap) 1 ^ < ^((M 1 / q ) p ) 1 / p < l(Mp^ 9 ) 1 / p whenever p > 6 ,_i, so £{at} Q £(m) follows. 

(ii) Let (Kj)j£N > 0 be a fundamental system of compact subsets of U. For j G N>o put 

, 2 29 VH/b)( a; )|| Li(RriR) 

' j feB,ien,xeK:j 


Now introduce ( a q ) q and ( b q ) q as in (i) but such that a q is the first integer satisfying (|4.1I) and 
additionally fc,+i 2 _ °‘' < 1 . 

Let || • |j N,K,h be any fundamental continuous semi-norm in £(jv), then there exists k G N with 
h~i <- 2 k and K C K For alH £ N with i > ak there exists a unique j > k with a-j-i < i < Oj. 
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By definition this implies ■y((M 1 /- 7 ’)^) 1 /p < ( N p ) 1 / p for all p £ N with p < i and so (M 1 /- 7 )^ < j p N p 
for such p. Thus we get for all i sufficiently large 

^ — m — - s — wwt — 

for all / € B. 

We are done since by Proposition 14.41 the matrix Ai has 
we get 


< 2~ J1 kj < 2~ aj ~ 


l kj< 1 , 


(Aim*)) and so for each M 1 ^ separately 


(in ) By (A i{c^}) and j9[ Theorem 2.15 (1)] we can assume that each N x £ J\T is log-convex since 
£{n x } = ^{(at x ) 1c } for all x (we can drop all small indices for which possibly liminffe_ >00 (n^) 1//fc = 0 
without changing the space £sjg-\). 

By Proposition [T4] and (i) there exists P with j-|<nA4. £)p] = £[pic] and P lc has (nq) Consequently 
£[pic] is non-quasianalytic and P 1( RflM holds, too. 

On the other hand by [5] Lemma 3.5.7] there exists Q with A/RfLRil M. 

Now put Q' k := maxjP^, Qk}- Since Q' > P lc we have that £[q>\ is non-quasianalytic, £[q>\ = £[q>^] 


and Q' lc satisfies (nq) 


On the other hand Q' > Q implies AfUP'. Since £[Q'] = £[q> ic] and each N x £ Af has |(lc)| also 
7V[<J3 ,lc follows. 

Finally O' u fAAi holds because Q' lc < Q' and P lc , CRUM. 

The conclusion follows now by defining L := Q' lc . 

If Ai = fl is coming from oj el W1 then we obtain the following consequence: 

Corollary 4.8. Let oj (- \ Wl be given, TFAE: 


□ 


(*) OJ has (w nq ) 


( ii) £{u} contains functions with compact support, 
(Hi) contains functions with compact support, 
(iv) some U l has (nq)[ 

(u) each Q l has (nq) 


Proof. By 0 5.5] the matrix 0 is (IM SC ) By O 5.5, Corollary 5.8 (1)] we have (i) <=>> (iv) (v). 
The rest follows from Theorem 14.II □ 


5. Characterization of £[ M ] using the Fourier transform 

Using the central results from Sections [3] and |4] we are now able to characterize functions in £[m\ 
in terms of the decay of its Fourier transform. First put 

P(R r ) := {/ G £ (R r ) : 3 K CC R r , supp(/) C K}. 

Let M = {M x :ieA] satisfy [(A4)| If £{m) respectively £{m } is non-quasianalytic, then 

^(M^U) '■= {/ € £(® r ) : 3 AT CC U supp(/) C K, W x £ A V h > 0 : ||/||m«,r,a < +oo} 

respectively 

V {m} (K) ■= {/ £ £(R r ) : 3 K CC U supp(/) C K, 3 x £ A3 h> 0 : \\f\\ M x ,«.,h < +oo} 


is non-trivial. 
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On the other hand let Ai = {M x : x £ A} be ( Ai sc ) and let K CC K r be compact. Then for x £ A 
and h > 0 introduce the Banach space 

T>x,h{ K ) '■= if e £( Rr ) : supp(/) C K , \\f\\ X}h < Too}, 

where \\f\\ x h := f Rr |/(t)| exp(huiM x {t))dt. So one can define 


V {um) (K)~ lhn V x , h (K) 

xeA,h>0 

and for non-empty open U C R r 

V(u, M )(U) := fin^ V {um) (K) 
kc<zu 

Now we formulate our main theorem: 


V {um} (K)~ lhn V x , h (K), 

xGA,/i>0 


v {u M }{U) ■= lh^ V {uim} (K). 

KCCU 


Theorem 5.1. Let Ai := {M x : x G A} be (Also) Moreover assume that 

(?) M has (M[ l]), 

(ii) M has (Af[ mg ]), 

(in) S[m] is non-quasianalytic. 

Then we obtain the equalities 

V [M] = = V [uJM ). 


Examples. The previous theorem is valid if Ai = fl for some ui r l W I with (w nq ) or also for the 
Gevrey-matrix Q. 

For the proof we have to generalize HJ Lemma 3.3]. Let if CC R r and let Hx(t) := sup seK (t, s) 
be the support function. \ r (K) shall denote the Lebesgue measure of K. 


Lemma 5.2. Let Ai = {M x : x € A} be (Al sc ) and f G 
(i) Let x £ A and h > 0 be arbitrary and assume that 


II x,h 


=: C < Too. Then 


(5.1) 


sup |/ (a) (f)|exp 
aeN r ,teM. r 




c 


(2n) r 


holds. 

(ii) Let Ai satisfy additionally (A1[l])- 

In the Roumieu case assume that there exist some x £ A and C, h > 0 such that (E3D 
is valid. Then there exists D > l depending on x, h and the dimension r and there exist 
y £ A and L > 1 depending only on x and r such that with K := supp (/) we have for all 
z€ C r 

(5.2) |/0*)| < \ r (K)-^^ex p ^H k (%(z)) - j0j M y(z)^J . 

In the Beurling case for arbitrary y £ A and h > 0 there exists D > 1 depending on x, h and the 
dimension r and there exist x £ A and L > 1 depending only on y and r such that (15.211 holds (with 
y, D, L) provided (15.11) is valid (with x , h, C). 


For (ii) it is sufficient to assume (13.131) in the Roumieu and (13.141) in the Beurling case, see Propo¬ 
sition 13.121 

Proof, (i) Since each u>m x £ |Wq| we can replace in the proof of [2] Lemma 3.3 (l)] the weight oj 
by wm* • 
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(ii) We consider the Roumieu case. Iterating (13.131) yields tVMy(rt ) < 4 c VM x (t) + -§ for all t > 0 


and for some y £ A and L > 1 both depending only on x and r. By ( 0 J 3 ) for wj{» there exists some 
B > 1 such that (2 h/L)tVMy(t) — log(t) > (h/L)tVMy(t) — B for all t > 1. 

Then follow [2j Lemma 3.3 (2)]. □ 

Lemma [5721 and the Paley-Wiener theorem for 'D(K) (see [5] 7.3.1]) imply 

Proposition 5.3. Let M = {M x : x £ A} be (M sc ) with {Mm), let K CC R r be a compact 
convex set and f £ L 1 (R r ). 

(i) The Roumieu case. The following are equivalent: 

(«) f£V {uM} {K), 

( b) f £ 'D(K) and there exists x £ A and l > 0 such that ||/|| Wm x,a',z < + 00 , 

(c) there exist x £ A and C,l > 0 such that for all z £ C r we have 

\f(z)\ < C exp(H K (%(z)) - ltv M *(z)). 

(ii) The Beurlinq case. The followinq are equivalent: 

{a) f£V (uM) (K), 

( b ) f £ T>{K) and for all x £ A and l > 0 we have ||/|| Wm *,r',z < + 00 , 

(c) for all x £ A and l > 0 there exists C > 1 such that for all z £ C r we have 

\f(z)\ < C exp(H K (S(z)) - lu M *(z)). 

Theorem 15.11 follows now by applying Theorem 13.21 and Proposition 15.31 


6. Comparison of the classes and £^ 

In [T] the authors compared the classical methods which are used to introduce classes of ultradiffer- 
entiable functions, either by a weight sequence M or a weight function tv. In [5] we have introduced 
the technique of associating a weight matrix LI to a given function v. The aim of this section is to 
reformulate the comparison theorems in view of this new method. 

Theorem 6.1. Let v ( \ Wl TFAE: 

(i) There exists N OT with £[ N ] = £[u,} = £[Q], 

(ii) v has \(vq)\ 

(Hi) there exists N (I CC\ such that for each l > 0 we have £\pi-\ = £[n] or equivalently N\?efl l . 
Additionally we have: 

(a) N and each Ll l satisfy (mg) 

(b) If to has |(a 22 )|, then liminf p _ > 00 (n p ) 1/,p > 0, (Mu) for LI and 


* wjv and each vqi satisfy ( 012 )! 


* N and each Ll l have (fis) 


* £[ ui n ] = £ [at] = = £[n‘] f or eac h l > 0- 

If v /tas|(q; 5 )] then lim p ^. 00 (n p ) 1//p = 


(M{c*>)) for LI and vn and each vqi satis fy\(v 5 )\ 


In the next theorem we start with a weight sequence N and not with a weight function v as before. 

Theorem 6.2. Let N el CC\ with \(/33)\ TFAE: 

(i) There exists tv dTVl such that £[u] = £[n]> 

(ii) N satisfies (mg)[ 

(Hi) — ^[n] holds. 

Let LI := : l > 0} be the matrix associated to tv arising in (i). We get for each l > 0: 
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(a) u,uiqi, oo N C03 satisfy |(u 6 )[ 

{b) 

(c) £[u n ] = £[N] = £[u] = 

(d) mv l , 


(e) Q l has (mg) 

(/) If N satisfies liminfp_ > 00 (n p ) 1 / p > 0, then 
(=i=) co, con and each loqi have \(co 2 )] 

(*) each Cl 1 feas |(/j 3 )[ 

(*) \(Mu)\ for fi. 

If N satisfies lim p _>. 00 (np) 1,/p = +oo, then 
(*) co, con and each coqi have \{co 5 )] 

(*) \(M(C^)\for fl. 


Theorem 16.11 and Theorem [672] follow by the results below, [9] Section 5] and [I], see also [ f2l 6.1-6.4], 

Theorem 6.3. Let co d Wl U C K r non-empty open. Then we get: 

(1) co /ias |(u;g)] if and only if £[Qi](U) = £[^(U) holds for each l > 0. Moreover for each l > 0 

(а) OQjfji, 

( б ) n l cvm 

(c) co n i ( \ Wl with \(co 6 )\ 

( d ) 1 1 'Pal V holds for all x, y > 0 , 

(e) Q l satisfies |(m m 

(2) Let co be as in (1) with \(co 2 )] then 

(a) It has (A in)\ 

( b ) each Ll l satisfies\{l3^)\ 


(c) each co qi has { 002 ) 

If co is as in (1) with ( 015 )[ then 


(d) fl has (A i(c 


(e) each ooqi has ( 0 ^ 5 ) 


Proof. (1) This was already shown in [HI Section 5]. 

(2) To prove [(^ 3 )] for each Q l we proceed similarly as in [U Lemma 12 (1) =>• (2)] (each sequence 
fr satisfies the required assumptions). 

If co has (q> 2 ) | or | (u; 5 )| then by [HI Lemma 5.7] each coqi too and by |H] Proposition 4.6 (1), Corollary 


5.15] we get|(A4^)|or (M(c<-)) 


for fl. 


In the next result we start with a weight sequence M and not with co. 


Theorem 6.4. Let M el CC\ with |(/? 3 J| and ( mg)[ Let r £ N>o and U C 
Then 


□ 


be non-empty open. 


(1) com d Wl has |(cj 6 )[ 

(2) £{u m ]( u ) = £[n‘]{U) = £[m](U) for each l > 0, where N l p := exp( (Ip))- Moreover 
N l = M and for each l > 0 

(a) N l (\ CCA and has (mg)] 

(b) co n KE1om, co n i d Wl with\(uon)\ 

(c) Mm/v l - 

(3) If M satisfies lim inf p ->. 0 o(mp) 1 / p > 0, then 


(a) ( 002 ) for com and each 00 Nh 
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(b) each N l has \{fis)\ and liminf p _ ) . 00 (ri p ) 1 / p > 0. 
If M satisfies lim p _> 00 (TO p ) 1,/p = oo, then 

(c) | ( 015 ) | for u>m and each u>^i, 

(d) each N l has lim p _ >00 (np ) 1/,p = + 00 . 


Proof. (1) ByEUwe get um € |Wq1 by [I] Lemma 12 (2) => (4)] we get |(cui)| and by [SI Proposition 
3.6] we get|(a; 6 )|for wm. 


(2) In Theorem 16.31 consider uj = ujm and then £[ UM ]{U) = £\ N ifiU) for each l > 0. By [9, 5.5] we 
have N l 3 CCA and so 


M p = sup 


t p 


t >0 exp( wmW) 


= exp 


sup (p log(t) 

t> 0 


ex p(^ M (p)) =: Np, 


for all p £ N. Thus £\m] = = £\um\ = £[jv‘l which implies M^IV and (mg) follows for each 

N l . 


By 12. 81 we have u N i € |Wq[ hence [9;, Lemma 5.7] applied to u# implies for each l > 0 and 

so |(o;i)| and |(c<Je)| for each co N i follow. 


(3) By 12.81 the assumption liminf p _ > . 00 (mp) 1 / p > 0 implies {w?) for u>m and each ui N i. Again by [5] 
Proposition 4.6 (1), Corollary 5.15] we get liminf p _ > 00 (ri p ) 1 / p > 0 for each l > 0 and similarly for 
lim p _ > . 00 ( m p ) 1 / p = + 00 . 

To show for each N l we follow again [TJ Lemma 12 ( 1 ) => ( 2 )]. □ 


Appendix A. Nuclearity of the connecting mappings for £y M ^ 
First we recall El Lemma 2.3]: 


Lemma A.l. The identity mapping 

C r+1 (K, R) — >C(K,R) 

is nuclear for each compact set If CCl r with smooth boundary. 

Let A4 := {M x : x £ A} be |(A4)[ For x < y, h < k and a compact set K CC l r with smooth 
boundary consider the inclusion 


(A.l) £m x ,Ii{K, Bl) -t £-My,k{K, R), 

and we are going to prove the matrix generalization of ( 6 ] Proposition 2.4]: 


Proposition A.2. 

(a) If 


(b) If 


(Al{dc>) 


Let M satisfy |(A4)[ 

then VxGA\/h>03y€A3k>0 

then \/y€A\/k>03xGA3h>0: 


EB is nuclear. 
EB is nuclear. 


Proof. As already pointed out in [S] Proposition 2.4], since each inclusion mapping is a product 
of two inclusion mappings of the same type, it is enough to show quasi-nuclearity, see [5J Theorem 
3.3.2]. For convenience put X := £m x ,h{K 1 R) and Y := £Mv,k(K, So we have to show that 
there exists ( ufi)j , Uj € X' , such that ||w.j||x' < +00 and 

OO 

||/||y<53K/>“J>*l V/el 

1=1 
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Now we point out that 


(A.2) 


111 - := sup 


f {a) (x )| _ ||/<“>|| C (x,i 




^ E 


n/ (a) i 




By Lemma f/\. 1 1 there exists (vj)j, Vj £ (C r+1 (K, R))' such that 


(A.3) 55 ll' y ill(C’-+ 1 (K,R))' < +oo, !l/ (c ' |c(if,R) < 55 I(/ (a ^ w j)c’-+ 1 (ii:,R) 

4=1 4=1 

Now let it Q j be the linear functional on A defined by 

(f^°‘\l>j)c r + 1 (K,R) 


(A.4) 

By (|A.2|) and (1A.3|1 we get: 

Moreover, by (IA.4|1 we have 

I (./>«,4} I = 


(/; U a,i) : — 


M 


I y — 51 K/> u «,j> I- 

aGN r ,ieN 


K/^j w 4)c’-+ 1 (X,R)| < ll/ ( ' a ^ |lc r+1 (-R-,R) IILi llc r+1 (A 


M 


R) 


M 


< sup 

0<|g|<r+l 


< sup 

0<| 9 |<r+l 


II/t Q+g ) ||c(iC,R) Ikj Hc r + 1 (g,«) 

k\ a \M? | 

M 

||/|| A Al“+^M- + 9 | ||u,|| c . +1(if , R) 


fcMM, y . 
M 


r|a| / l l“+9lM a: , , 

“IN SUP ^ II/IUII^IIC- +1 (^,R)- 

^ 0<|9|<r+l JW | a | 


(a) Roumieu case. By for given x £ A we can find X\ £ A and H > 1 such that 

M, x | = M? i . i , < ifNM,* 1 , for all a £ N r and q £ N r with 0 < |o| < r + 1. M v > M Xl holds for 

\a+q\ H + M — |a| ^ _ |>4| _ ' _ 

y > x i and so 

h\°‘+l\Mi c 

su p ,Jy +ql <ig |a i(i + y +1 ) 

0<|,|<r+l ^'“'^1 “ 

for some constant A > 0. Hence if we choose k such that k > Hh 4=> < 1, then by (IA.3I) we get 


55 \\u a j X '<A 55 

aGN r ,4'eN aeN r ,4'eN 


ffh\ l a ' 

) lk4ll(C'-+ 1 (if,R))')( 1 + h r+ ) < +oo. 


( b ) Beurling case. By (.M(d c )) fo r given y £ A we can find yi £ A and H > 1 such that M^ +q , < 
for all a £ N r and ggR r with 0 < |<?| < r + 1. 

So for given y £ A and k > 0 (both small) we can take x < yi, h < and estimate as for the 


Roumieu case. 


□ 
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